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1. Introduction 

The measurement of wide-band antennas is often a long and expensive process 
requiring substantial antenna range time to measure the radiated fields at all angles 
and all frequencies under consideration. An identified need has been for a method 
to adequately characterize the radiation pattern of wide-band antennas using fewer 
measurement points. This need is greater when antennas are characterized over a 
large frequency bandwidth where an antenna’s radiation pattern must be measured 
at intervals of the frequency range. 

Characterization data compactness has been achieved using model-based parameter 
estimation (MBPE) described by Miller,1 which approximates the far-field 
radiation pattern using a simple antenna model and then augments and calibrates 
the model’s results using sparse measurements. Research has been conducted using 
MBPE to interpolate the antenna’s radiated fields in both the spatial and spectral 
domains so that changes in radiation pattern with frequency can also be 
extrapolated.2 The MBPE method is not completely empirical as the antenna must 
be modeled, albeit in rudimentary fashion, to allow proper interpolation. Martí-
Canales et al. reconstruct antenna patterns from near-field measurements using the 
radiation centers of the antenna3 while Tkadlec et al. reconstruct far-field radiation 
patterns from near-field amplitude measurements using the global particle swarm 
optimization (PSO).4 Finally, Rammal et al. reconstructs wide-band–far-field 
radiation patterns from near-field transient measurements.5 These transform 
methods do not directly address pattern reconstruction from limited angular pattern 
and frequency measurements. 

This report proposes a method to reconstruct 2-dimensional (2-D) far-field–wide-
band radiation patterns from sparse, randomly distributed measurements using 
compressive sensing on the radiation-frequency-pattern matrix. This can lead to a 
new wide-band antenna-measurement method in which the antenna is measured 
over a small percentage of randomly distributed angles and frequencies; then, 
reconstructed during postprocessing using compressive sensing. This method 
would save time and effort by requiring only a small percentage of conventional 
measurements. 

2. Compressive Sensing 

Compressive sensing has its roots in transform coding, in which a compressible 
signal is transformed to a domain where it is sparse (whose basis function contains 
only a few large coefficients). These large coefficients mostly characterize the 
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signal, which can be adequately reconstructed by taking the inverse transform of 
only the large coefficients. 

In transform coding, a data set can be represented as 

 𝒙𝒙 = 𝝍𝝍𝝍𝝍 ,                          (1) 

where 𝝍𝝍 is an 𝑁𝑁 × 𝑁𝑁basis matrix, and 𝒔𝒔 is an 𝑁𝑁 × 1 column vector of weighing 
coefficients. The data set 𝒙𝒙 is said to be 𝐾𝐾-sparse if it is a linear combination of 
only 𝐾𝐾 basis vectors. 

Transform coding is useful for data storage but assumes the signal is completely 
known before taking its transform. Compressive sensing begins with an under-
sampled signal and attempts to reconstruct the signal using an inversion scheme 
and an optimization using the ℓ1-norm.6 

If 𝒚𝒚M×1 measurements are taken of the data set 𝒙𝒙N×1, where 𝑀𝑀 < 𝑁𝑁, the basis matrix 
𝝍𝝍 can be adjusted for the number of measurements taken by keeping the basis 
function’s rows that only correspond to the measurements taken 

 𝒚𝒚 = 𝚯𝚯𝒔𝒔 ,                          (2) 

where 𝒚𝒚 are the 𝑀𝑀 measurements taken, 𝜣𝜣= 𝑹𝑹𝑹𝑹 is the 𝑀𝑀 ×  𝑁𝑁 basis matrix 
𝝍𝝍 modified by a matrix 𝑹𝑹, called the measurement matrix (that keeps only the basis 
functions associated with the measurements), and 𝒔𝒔 is the data set to be 
reconstructed in the sparse domain. Thus, if the 3rd, 4th, and 7th elements of the 
signal are measured, the 3 × 𝑁𝑁 matrix 𝚯𝚯3×N will consist of the 3rd, 4th, and 7th rows 
of the discrete Fourier transform (DFT) matrix. 

If the basis matrix is orthonormal, its inverse is its transpose, with which we can 
solve for 𝒔𝒔: 

 𝒔𝒔 = 𝚯𝚯𝑇𝑇𝒚𝒚  .                     (3) 

Since the number of measurements is smaller than the data set, or that 𝑀𝑀 < 𝑁𝑁, an 
infinite amount of solutions exists in the reconstruction of the total data set of length 
𝑁𝑁 from 𝑀𝑀 measurements. The signal 𝒔𝒔 is approximated by 𝒔𝒔� that is estimated using 
an iterative ℓ1-norm minimization routine.6 The reconstructed data set whose sum 
of its elements is minimum is chosen, or 

 𝒔𝒔�   where𝒔𝒔� = ‖𝒔𝒔‖𝑚𝑚𝑚𝑚𝑚𝑚 .                     (4) 

The key to the compressive-sensing process is to find and use a transform that will 
render the signal sparse in the transform space. The most common transforms used 
are the DFT, the discrete cosine transform (DCT), and the wavelet transform (WT). 



 

3 

Once a transform is chosen, it is cast in discrete matrix form to allow solving for 𝒔𝒔 
in Eq. 3. For example, the DFT matrix, 𝝍𝝍𝑁𝑁,𝑁𝑁 can be written as 

 

𝝍𝝍𝑁𝑁,𝑁𝑁 =
1
√𝑁𝑁

�
𝑒𝑒
−𝑗𝑗2𝜋𝜋𝑛𝑛1𝑘𝑘1

𝑁𝑁 ⋯ 𝑒𝑒
−𝑗𝑗2𝜋𝜋𝑛𝑛1𝑘𝑘𝑁𝑁

𝑁𝑁

⋮ ⋱ ⋮

𝑒𝑒
−𝑗𝑗2𝜋𝜋𝑛𝑛𝑁𝑁𝑘𝑘1

𝑁𝑁 ⋯ 𝑒𝑒
−𝑗𝑗2𝜋𝜋𝑛𝑛1𝑁𝑁𝑘𝑘𝑁𝑁

𝑁𝑁

� 
.         (5) 

The 𝚯𝚯𝑀𝑀,𝑁𝑁 matrix is then inverted and multiplied by the measurements to yield the 
reconstructed data in the sparse domain. The reconstructed signal 𝒔𝒔� is transformed 
back into the measurement domain using the inverse transform, which in this case 
is the inverse Fourier transform or inverse cosine transform. 

Compressive sensing allows the reconstruction of an𝑁𝑁-length vector using 𝑀𝑀 < 𝑁𝑁 
data points if the vector is compressible; that is, if the vector can be transformed 
into a domain where its coefficients will be sparse. The amount of data needed to 
reconstruct a signal is inversely proportional to the compressibility of the signal. 

3. Radiation-Frequency Pattern’s Reconstruction 

Three antennas were modeled with a high-frequency structural simulator (HFSS) 
to calculate radiation patterns over a relatively wide-band; their radiation-frequency 
patterns were reconstructed to explore the limits of success of the compressive-
sensing method for this application. The first antenna was a pyramidal horn 
modeled between 1.2 GHz and 1.7 GHz. The second antenna modeled was a 
Vivaldi antenna whose radiation pattern was calculated between  
4 GHz and 8 GHz. The third antenna analyzed was a bicone antenna modeled 
between 1 GHz and 4 GHz. Two-dimensional radiation patterns were calculated at 
1° increments (360 calculation points), with 100 calculations equally spanning the 
frequency interval specified. 

When applying compressive sensing to the reconstruction of antenna radiation-
frequency patterns from incomplete angular and frequency calculation points, it 
was found that the radiation patterns compressed well using a basis function derived 
from the DFT and the DCT7 in both the angular and frequency dimensions of the 
measured data. This compressibility allows reconstruction of the radiation-
frequency patterns of the antenna from partial radiation-frequency patterns 
measured at randomly distributed angles and frequencies. Because the 
reconstruction of the radiation-frequency pattern is performed in both the angular 
and frequency dimensions, the radiation pattern is reconstructed at one measured 
frequency at a time, meaning that each row of the angle-frequency-measurement 
matrix is reconstructed individually. This concept of parallel compressed sensing 
was reported by Fang et al.8 Because the frequency reconstruction of the radiation-
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frequency pattern is not dependent on the angular reconstruction, the parallel-
reconstruction technique used in this research yields a 1.5-dimensional 
reconstruction. In this research the number of randomly distributed, calculated 
points used to reconstruct the radiation-frequency pattern is the same in both the 
angular and frequency dimensions. 

Both the radiation pattern and the frequency behavior of the pattern can be 
reconstructed sequentially using the same random-frequency calculated points at 
each angle of measurement (uniform reconstruction) or with different random-
frequency calculated points (nonuniform reconstruction). The errors eventually 
introduced into the radiation-frequency patterns when using a small subset of the 
total calculated points differ in character depending on whether uniform or 
nonuniform reconstruction is performed. Reconstruction of the radiation-frequency 
patterns of the 3 antenna models is performed with the DFT and DCT using uniform 
and nonuniform random-frequency-measurement distributions, and the results are 
analyzed to determine the minimum amount of calculated points needed for 
adequate reconstructions. 

3.1 Pyramidal Horn Antenna’s Reconstruction 

The total electric field, 𝑬𝑬𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, radiation-frequency pattern of a pyramidal horn was 
simulated with HFSS and is presented in Fig. 1. As expected, the mainbeam 
narrows and the side-lobe levels rise with frequency. 

 

Fig. 1 The radiation-frequency pattern of a pyramidal horn antenna modeled from  
1.2 GHz to 1.7 GHz 
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The pyramidal horn’s radiation-frequency pattern is perfectly recreated using 60% 
of the measured data in both angular and frequency dimensions, regardless of the 
transform used in the reconstruction. Figure 2 shows the uniform reconstruction of 
the radiation-frequency pattern. (The black symbols on the reconstructed radiation-
frequency pattern’s surface are the measurement used in the reconstructions.) 

 
Fig. 2 The uniform compressive-sensing reconstruction of the radiation-frequency pattern 
of the pyramidal horn antenna using 60% of the calculated points 

Figure 3 shows the nonuniform reconstruction of the pyramidal horn antenna’s 
radiation-frequency pattern. 

 

Fig. 3 The nonuniform compressive-sensing reconstruction of the radiation-frequency 
pattern of the pyramidal horn antenna using 60% of the calculated points 
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Figures 2 and 3 show the radiation-frequency pattern of the pyramidal horn is 
recreated very well using 60% of the calculated points and that no difference in 
reconstruction exists whether the reconstruction was uniform or nonuniform. 

Next, the root-mean-square error (RMSE) of the frequency-behavior reconstruction 
is calculated as a function of number of randomly distributed calculated points. This 
error analysis is performed for every radiation angle measured, yielding waterfall 
plots shown in Figs. 4 and 5. Figure 4 shows the RMSE when the reconstruction is 
performed using the DFT while Fig. 5 shows the RMSE when the DCT is used. 
Because of the randomness of the frequency calculated points used, the 
reconstruction error was calculated 10 times and the RMSE curves were averaged 
over the 10 trials. 

 

Fig. 4 The average of 10 RMSE calculations of the DFT reconstruction of the pyramidal 
horn as a function of the number of frequency calculated points used 
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Fig. 5 The average of 10 RMSE calculations of the DCT reconstruction of the pyramidal 
horn as a function of the number of frequency calculated points used 

Figures 4 and 5 show the RMSEs of the reconstructions need about 30% of the 
randomly distributed frequency calculated points to reconstruct the radiation-
frequency pattern of the pyramidal horn antenna. Moreover, it is seen that the DFT 
and DCT reconstructions converge similarly with the same percentage of randomly 
distributed calculated points. Using 30% of the randomly distributed frequency 
calculated points, and comparing the DFT and DCT reconstructions, it was found 
that the DCT reconstructed the frequency behavior of the radiation-frequency 
pattern better. The DFT was thus used to compare the uniform and nonuniform 
reconstructions. 

Figures 6 and 7 show the radiation-frequency reconstructions using 30% of the 
calculated points for both the uniform and nonuniform reconstruction techniques. 
The DCT is used to reconstruct the frequency behavior while the DFT is used to 
reconstruct the angular behavior. Interestingly, the error in pattern reconstruction 
manifests itself differently in the uniform and nonuniform reconstructions. A 
comparison of Figs. 6 and 7 shows the uniform random distribution reconstructs 
the horn antenna with less error than the nonuniform random distribution using 30% 
of the randomly distributed calculated points. 
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Fig. 6 The uniform DCT compressive-sensing reconstruction of the radiation-frequency 
pattern of the pyramidal horn antenna using 30% of the calculated points 

 

Fig. 7 The nonuniform DCT compressive-sensing reconstruction of the radiation-
frequency pattern of the pyramidal horn antenna using 30% of the calculated points 

3.2 Vivaldi Antenna’s Reconstruction 

Next, the 𝐸𝐸 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  radiation-frequency pattern of a Vivaldi antenna was modeled 
with HFSS and reconstructed using the compressive-sensing method. The 
radiation-frequency pattern of the Vivaldi-antenna model is shown in Fig. 8. 
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Fig. 8 The radiation-frequency pattern of a Vivaldi antenna modeled from 4 GHz to  
8 GHz 

The RMSE plot as a function of the percentage of frequency calculated points used 
for reconstructions using the DFT is shown in Fig. 9. It shows the radiation-
frequency pattern of the Vivaldi-antenna model can also be adequately 
reconstructed using a random distribution of 30% of the calculated points. 

 

Fig. 9 The average of 10 RMSE calculations of the DFT reconstruction of the Vivaldi 
antenna as a function of the number of frequency calculated points used 
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Figure 10 shows the RMSE error of the DCT reconstruction as a function of number 
of randomly distributed calculated points.  

 

Fig. 10 The average of 10 RMSE calculations of the DCT reconstruction of the Vivaldi 
antenna as a function of the number of frequency calculated points used 

A comparison of Figs. 9 and 10 shows the DFT reconstruction converges with the 
model with slightly fewer points. Again, the compressive-sensing reconstruction 
converges to the radiation-frequency pattern when about 30% of the calculated 
points are used. 

The Vivaldi’s radiation-frequency pattern is uniformly reconstructed using the DFT 
with 30% of the randomly distributed calculated points. It is shown in Fig. 11. 
Superimposed on the reconstruction’s surface are the calculated points used for the 
reconstruction. Again, the angular reconstruction was performed with a DFT while 
the frequency reconstruction was performed with a DCT. 
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Fig. 11 The uniform DCT reconstruction of the Vivaldi antenna’s radiation-frequency 
pattern using 30% of the randomly distributed calculated points 

For comparison, Fig. 12 shows the Vivaldi’s radiation-frequency pattern 
reconstructed nonuniformly using the DFT with 30% of the randomly distributed 
calculated points. While the errors introduced in the radiation-frequency pattern’s 
uniform and nonuniform reconstructions have different characteristics, both 
reconstruct the radiation-frequency patterns equally well. 

 

Fig. 12 The nonuniform DCT reconstruction of the Vivaldi antenna’s radiation-frequency 
pattern using 30% of the randomly distributed calculated points 
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3.3 Bicone Antenna’s Reconstruction 

Finally, a center-fed bicone antenna was modeled from 1 GHz to 4 GHz and 
the𝑬𝑬𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 radiation-frequency pattern was calculated. This antenna model was 
chosen to test the compressive-sensing reconstruction on a radiation-frequency 
pattern that varies substantially over the frequency band considered. Figure 13 
shows the radiation-frequency pattern of the bicone antenna. As expected, the 
antenna starts with 2 lobes at 1 GHz and ends with 4 lobes at 4 GHz. 

 

Fig. 13 The radiation-frequency pattern of a bicone antenna from 1 GHz to 4 GHz 

Figure 14 shows the average of 10 RMSE calculations of the reconstruction of the 
bicone antenna’s radiation-frequency pattern using the DFT as a function of 
frequency calculated points used. Figure 15 shows the average of 10 RMSE 
calculations of the reconstruction of the bicone antenna’s radiation-frequency 
pattern using the DCT. As with the pyramidal and Vivaldi antennas’ radiation-
frequency patterns, the bicone requires about 30% of randomly distributed 
calculated points to reconstruct. Figures 16 and 17 suggest the DFT reconstruction 
also converges to the model with fewer randomly distributed frequency calculation 
points. 
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Fig. 14 The average of 10 RMSE calculations of the DFT reconstruction of the bicone 
antenna as a function of the number of frequency calculated points used 
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Fig. 15 The average of 10 RMSE calculations of the DCT reconstruction of the bicone 
antenna as a function of the number of frequency calculated points used 

Figures 16 and 17 show the uniform and nonuniform reconstruction of the bicone 
antenna using 30% of the randomly distributed calculated points, respectively. As 
with the 2 previous antenna models, the reconstruction was performed using the 
DFT for the angular reconstruction and the DCT for the frequency reconstruction. 
The Figures show the uniform reconstruction is slightly efficient at reconstructing 
the radiation-frequency pattern of a bicone antenna over a wide frequency range. 
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Fig. 16 The uniform DCT reconstruction of the radiation-frequency pattern of bicone 
antenna using 30% of the randomly distributed calculated points 

 
Fig. 17 The nonuniform DCT reconstruction of the radiation-frequency pattern of bicone 
antenna using 30% of the randomly distributed calculated points 

4. Conclusions 

The compressive sensing has been demonstrated to reconstruct radiation-frequency 
patterns of various modeled wide-band antennas. The success of reconstructing the 
patterns of 3 antenna models was analyzed using the DFT versus the DCT. The 
relative successes of using uniform versus nonuniform reconstructions were 
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compared for each antenna. The RMSEs of the frequency reconstructions were 
calculated as a function of the number of calculated points used, to show the 
convergence of the reconstruction over all radiation angles. 

The reconstruction approach that seemed to work best for the 3 antenna models 
considered was a hybridized transform approach in which the DFT was used to 
reconstruct the angular component and the DCT was used to reconstruct the 
frequency dependence of the radiation-frequency pattern. A comparison of the 
RMSE waterfall plots shows the approximate percentage of frequency calculated 
points needed to reconstruct the radiation-frequency pattern—that percentage being 
applied to both the angular and frequency component of the reconstruction. For a 
given percentage of calculated points used for the reconstruction, it was found that 
the DFT was better suited to reconstruct the angular dependence of the pattern while 
the DCT worked better to reconstruct the frequency component of the radiation-
frequency patterns of the 3 antenna models considered. 

Comparison of the uniform and nonuniform reconstruction methods did not yield a 
solid trend: The pyramidal horn and bicone antennas’ radiation-frequency-pattern 
reconstruction favored uniform reconstruction while the Vivaldi antenna’s 
radiation-frequency pattern reconstruction appeared to favor nonuniform 
reconstruction. It is noted, however, that due to the random nature of the calculated 
points chosen to perform the reconstruction, that different reconstruction trials yield 
different results. Therefore, even though the characteristics of the reconstruction 
errors differ substantially between uniform and nonuniform reconstruction, each 
method may yield better results for a given percentage of calculated points used. 

In this study, the 3 antennas’ radiation-frequency patterns reconstructed adequately 
using 30% of the modeled calculations. The reduction of required calculated points 
to the 30% needed to reconstruct the bicone antenna is notable due to the large 
change in radiation pattern over the frequency band considered (2 lobes at the lower 
band-edge and 4 lobes at the upper band-edge). One observed trend in the antennas’ 
analyses was that the number of randomly distributed calculated points required to 
recreate the radiation-frequency pattern increased with the complexity of the 
radiation-frequency pattern of the antenna.  

Because some of the trends in the 3 antennas’ analyses are consistent—angular 
reconstruction is better performed with the DFT, frequency reconstruction is better 
performed with the DCT—an algorithm can be designed that will reconstruct the 
radiation-frequency pattern of an antenna using a small percentage of randomly 
distributed calculated points. This algorithm could have a safety margin for the 
unknown complexity of the pattern; for example, using 50% of the calculated points 
to reconstruct the radiation-frequency pattern of an antenna without having a priori 
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knowledge of the complexity of the pattern. In this way, use of a compressed-
sensing algorithm to reconstruct a radiation-frequency pattern from a limited 
number of randomly distributed points could save half of the measurement time of 
a wide-band antenna pattern. 
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List of Symbols, Abbreviations, and Acronyms 

DCT discrete cosine transform 

DFT discrete Fourier transform 

HFSS high-frequency structural simulator 

MBPE model-based parameter estimation 

PSO particle swarm optimization 

RMSE  root-mean-square error 

2-D 2-dimensional 

WT wavelet transform  
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